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Abstract: We revisit confinement /deconfinement transition in holographic QCD to con- 
sider the back-reaction of a bulk scalar field. The bulk scalar field is dual to a quark bi-linear 
operator qq, and it encodes explicit and spontaneous chiral symmetry breaking of QCD. 
To perform the Hawking-Page transition analysis with the back-reaction, we first obtain a 
deformed AdS black hole solution due to a finite quark mass. Through the Hawking-Page 
analysis with the back-reacted geometry, we study the flavor number Nf and finite quark 
mass dependence of the critical temperature of the QCD confinement/deconfinement tran- 
sition. In addition, we confirm that unphysical QCD phase haunting around in a previous 
study disappears with the back-reaction. We discuss our results in the light of lattice QCD 
observations. 
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1. Introduction 

Understanding the QCD phase diagram is one of key issues in modern theoretical physics; see 
in for some recent reviews. Studying every nook and corner of the phase diagram re- 
quires nonperturbative approaches to QCD. AdS/QCD or holographic QCD based on the 
AdS/CFT Q might be one of the promising tools for strongly interacting regime of QCD. 
Surely in the present form of holographic QCD, we are not to say much about the QCD 
phase diagram. For instance the nature of the QCD phase transition is intimately involved 
in the number of quark flavors and the quark mass: it can be first order, second order, and 
crossover depending on them, while in holographic QCD the transition is the first order 
due to the large Nc nature of the Hawking-Page transition |^. With this caveat, we take 
one more step to improve our understanding on the QCD phase diagram in holographic 
QCD. 

The Hawking-Page transition in a sliced AdS was discussed in Q, and effects of matter, 
quarks or mesons, were worked out in with no back-reaction. In Q a' corrections are 
studied. In [||] it is observed that the effects of matter without back-reaction lead to an 
unphysical phase transition at low temperature, which suggests that we need to take into 
account the back-reaction of the matter field to discuss the phase transition more precisely. 
It is reasonable from the viewpoint of the large Nc correction since the contribution from 
the back-reaction and that from the matter part of the action both belong to the same 
order of 1/Nc corrections. 

In this paper, we study the confinement /deconfinement transition in holographic QCD 
considering the back-reaction of a bulk scalar field that is dual to a quark bi-linear operator 
qq. To perform the Hawking-Page transition analysis with the back-reaction, we first obtain 
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a deformed AdS black hole solution due to a finite quark mass. Through the Hawking-Page 
analysis with the back-reacted geometry, we calculate the flavor number Nf and finite quark 
mass dependence of the critical temperature of the confinement /deconfinement transition 
of QCD. We also confirm that unphysical QCD phase observed in disappears with the 
back-reaction. 



2. Back-reacted AdS solutions 



In this section we consider AdS solutions deformed by the bulk scalar field. The back- 
reacted thermal AdS (tAdS) solution in the hard wall model M, 0] has obtained in |10| 



while a back-reacted AdS black hole (AdSBH) solution due to the bulk scalar field has not 
been discussed. Thus we need to obtain the deformed AdSBH solution. We begin with the 
following 5-dimensional action, 

S = J d'x^ [-^fl + TridMXd^'X - ViX))], (2.1) 

where R is the 5-dimensional Ricci scalar, X is a scalar field and = SvrGs and I/G5 = 
32N^ /ttL'^ (M = 0,1,2,3,4). Here we assume that the scalar solutions are given by 
X = Xo{z) = {lNfxNf/2)imgZ + az^) for tAdS 0] and X = Xo{z) = {iNfxNf /'2)'mqZ for 
AdSBH where A'^^ is the number of quark fiavors. In the hard wall model rriq and a stand 
for the quark mass and the chiral condensate, up to a constant, respectively. We take the 
AdS radius L as one, L = 1. After taking a trace Tr the action is rewritten as follows 

S = I d'x^ [-^R + ^dM^d''^ - (2.2) 

where (/){z) = niqZ + cxz^ or 0(z) = nigZ according to corresponding background solution, 
and V{(j)) = Tr[V{X)]. Note that we assume cr = in AdSBH since this background 
corresponds to a high temperature deconfined phase where the chiral symmetry is likely 
restored. 

2.1 Deformed thermal AdS 

Here we generalize the back-reacted AdS (tAdS) solution in [^] to arbitrary Nf. We 
assume the back-reacted AdS metric as 

ds^ = e-2^(^)(dt2 _ dx2) - dz^/z^, (2.3) 

where A{z) is an unknown function of the fifth coordinate z. The equations of motion for 
(|2.2|) are given by 



1 Nf 
+ it^Rmn - -^dM(l)dN(l) = 0, (2.4) 
4 



|^ = ^a„(vs/-a.*), ,2,5) 
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where the prime denotes the derivative with respect to z. will be denoted just 

as Vi^z). Then we can derive A(z) and V(z) from ( |2.4| ) for (/((z) = mqZ + az^ and these 
functions satisfy ( |2.5| ) automatically. Two independent equations, one of which comes from 
the 00 or ii component of (p.4|), and the other is from the 44 component, are given by 



1 

1 

2^ 



[Qz'^A" + QzA' - l2z'^{A'f] - V{z) 
[I2z\^f]+V{z) 



Nfz\ 



L'\2 



0, 



(2.6) 
(2.7) 



These equations are simplified into the following forms. 



-^{^z^J^' + 3zA' - Vlz^[J^f\ 



= 0, 
V{z) 



0. 



(2.8) 
(2.9) 



We can check that these reduce to eq.(8) and eq.(9) in [^] by setting 2k? = 1, Nf = 2, 
flipping the sign of potential V , and changing the fifth coordinate z ^ y = \n.z. Then the 
back-reacted metric with A{z) and the potential V{z) are derived to be 



A{z) = \nz + 2n'^Nf 



m 



1 ~2 



■z^ H ^ 

48 32 



■z^ + — z6 
48 



V{z) 



+ — i-(mgZ + c7z3)2 + 2K2iV2 -^z^^ 



2fi;' 



48 



5my 3mga3 ^,o , ^12 
16 8 16 



(2.10) 



(2.11) 



where the first term of V{z) corresponds to the cosmological constant — 12/(2k^), and the 
second term corresponds to the negative mass term —{3Nf /4){mgZ + az^)'^ = Tr[— 3X'^]. 
Thus the additional non-trivial potential Mnt(-z) is given by 



Vint(z) = -2K^Nj(—^z^ + —^z^ H H 

^ ^ U 48 8 16 8 16 



(2.12) 



It is certain that these A{z) and V{z) reduce to those in Sec. 3.1 of [^] under the same 
conditions as stated above. 



2.2 Deformed AdS black hole 

Now we derive an AdSBH solution deformed by the back-reaction due to the scalar field. 
We again start from the same 5-dimensional action (|2.2| ) with the following ansatz for a 
back-reacted AdSBH background 

ds^ = e-^^^'\f{z)dt^ - dx2) - dz'^/{z'^f{z)) . (2.13) 



-3- 



With this setup, we can obtain a set of equations of motion from (|2.4| ) as we do in the AdS 
case. 



^[f{%z^A" + QzA' - l2z\A'f] + ^z^f'A'] - V{z) - ^f{c^T 

1 

2^ 



0, 



[f{6z^A" + 6zA' - 12z\A'f} + f'{-z + 7z'^A') - z^ f"^ 



V{z) 



Njz- 



/(<A')'=0: 



Nfz^ 



— [l2z'fiA'f-3z'f'A'] + V{z) ^ 



f{4>'? = 



(2.14) 

(2.15) 
(2.16) 



Each equation comes from the 00, ii, and 44 components of the equations of motion re- 
spectively. These equations are re-combined into the simple forms, 



-l + 40)/'-z/" = O, 



QO' - K^Nfz{(t)'f = 0, 

2kV(z) - 3{/(-402 + zO') + zOf'} = , 



(2.17) 
(2.18) 
(2.19) 



where 9{z) = zA'{z). As stated previously, we assume that (t){z) = rUgZ, i.e. with vanishing 
chiral condensate for the black hole solution. To solve the coupled equations, we first rewrite 
( |2T8D as 



nz) 



^ mlz = 2Ciz 



Ciz' + Ci 



(2.20) 



Here Ci is fixed one by requiring that the our deformed solution should be the AdS at the 
boundary, z — > 0. Inserting this 9{z) into ( p. 17] ), we obtain 



^ f{z) = 1 - 



C2 

8C2 



{1 - (1 - 2Ciz2)e2^i"'} . 



(2.21) 



Also, from the behavior of f{z) in the massless quark limit, we can choose C2 = 4/^^. 
Here z^ is the horizon of AdSBH without quark mass. Now let's turn our attention to the 
potential ^[^(z)]. Above 9{z) and f{z) should satisfy the remaining equation ( |2.19| ), so 
V{z) is expressed as 



.4 + ^(l-e2^-^ 



2Cl 
+Ci ( -6 + 



C2_ 



(3 + e 



(2.22) 



This potential automatically satisfies the equation of motion (2^) for the scalar field. 

2 dV 



' +^7 







(2.23) 
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Let's summarize 



l/(2Ci 


) = 6/{K^Nfml), then 








Hz) 


= rrigZ , 










e{z) 


= l + li-? 
2 ZQ 




A{z) 


= In z + ^ 
4 


{-? 

ZQ 


f{z) 


= l-2(^)^ 

Zh 




ZQ 







(2.24) 



and 



4 f 1 - 2(^^)4') (1 + - 8(^)V^/(4-?) 

_ /'3_2(£^)4(3 + e<^'/(4-')) 

\ Z}i 



z'km'i, 



(2.25) 



This solution is asymptotically AdS and reduces to the original AdSBH in the limit ruq — > 0. 
The Hawking temperature of this black hole is 

3 ^ 2ff n2 

(2.26) 



1 rrr 3f^H\2 



TTZH Zh 

where zjj is the horizon of this solution satifying /{zh) = 0. The concrete form of zh is 
given by 

' lizh/zQr-2^ ^2.27) 



2e 



Zh = ZQy 1 + ProductLog 

where ProductLog [a] stands for a solution for x in the eqeuation xe^ = a. We note here 
that for small niq, zh is approximately equal to z^. 

3. Hawking-Page transition 

In this section, we do a Hawking-Page type analysis using the back-reacted backgrounds 
of tAdS and AdSBH discussed in the previous section. Primary goals here are to remove 
the deconfined phase at low temperature, unwanted by-product of |^, and to see the quark 
mass dependence of the critical temperature for the deconfinement transition. We work in 
the hard wall model ||8|, ^, where the AdS space is compactified such that e < z < zq with 
e ^ 0. zq = ziR is an IR cut-off which models the confinement in QCD and is fixed by the 
phenomenological quantities such as the meson mass. We will derive the on-shell action 
densities, using the Euclidean bulk action. 



Se = Sgrav + S^at = J d^'x^ ["^^ + Tr(9AfXa*^X + V{X))] , 



(3.1) 



for the back-reacted tAdS and for the back-reacted AdSBH in Euclidean space and compare 
them to calculate the critical temperature for various niq and A'^^. In the discussion of the 
phase transition, it is enough to consider the above Euclidean action ( ^.1| ) since the gauge 
fields do not contribute to the action density. 
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In calculation of the action density, we use the time periodicity in the integration 
along the Euclidean time coordinate r. The time periodicity of AdSBH is determined as 
P = l/T, while that of tAdS is fixed by comparing two geometries at the UV cut-off and 
given by 

where T stands for the Hawking temperature of AdSBH in ( p. 261) and f{z) is given by the 
third equation in ( |2.24| ). 



3.1 Thermal AdS 



Let us begin with the on-shell action of tAdS. The deformed metric is |10| 



A{z) = hiz + 2K^Nf 



48 ^ 32 



+ —z^ 
+ 48 



(3.3) 



Then the corresponding Ricci scalar is given by 
R = -A{-2zA' + bz^{A'f - 2z^A") 



-20 - 2K^Nf [ mlz'^ + niaaz^ - a'^z^ 



{2K^fNj(—my 



+ —mlaz^ + —m^a'^z^ + -niaa^z'^^ + —a^z^ 
24 " 48 ^ 8 ^ 16 



(3.4) 



We can easily confirm that this Ricci scalar results in that of the usual AdS, R = —20, 
by setting both the quark mass and the chiral condensate zero. The gravitational on-shell 
action for the back-reacted tAdS is given by 



Sgrav = j d^X^{R + 12) . 



Now we calculate the action density V = Se/ / d^x for the gravitational sector: 



l9 



dz 



-Biz) 



R 



where 



B{z) = 2K^Nf 



m 



1 -v2 



12 



z^ + 



-z" + —z^ 
12 



(3.5) 



(3.6) 



(3.7) 



and the time peridocity /?' written in ( |3.2|) are used. 

The matter part of the action in Euclidean space on the back-reacted t AdS background 
is given by 



Smat = j d'^x^ Tr [g'^d.Xof - SX^ + V^r^^iX^) 



d^x- 



-B{z) 



[z\d,Xo 



3X2+Mnt(Xo)] ■ 



(3.8) 
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For simplicity we drop the trace Tr in the second hne. (As we will see, this trace just gives 
a factor Nf.) To derive the corresponding on-shell action, we perform a partial integral in 
dp) as 



mat 



-d.Xo 



-ip-B p-B 



E.O.M. + 



2^5 dXr. 



o-B 



+ / d^x 



-XodzXf) 



Mnt (^0 



Xo 

+ f d^x 



-XqOzXq 



. (3.9) 



Here E.O.M. stands for the equation of motion of Xq(z), which is given by 



E.O.M. : a 



-,-B 



dzXo) + 



3e 



-B 



-B 



-Xa 



dVu,t{Xo) 



2z^ dXo 



0. 



(3.10) 



Then we obtain the on-shell action for the scalar field on the back-reacted tAdS as 



'mat 



d X 



-B 



-XodzXo 



20 



d^xX, 



e'^ dVintjXo 
2^5 dXf) 



-B 



Vint {Xq 



Xn 



(3.11) 



From this on-shell action, we derive the action density for the matter field on the tAdS 
background as follows. 



Vimie) = P' 



-B 



-XodzXo 



dz 



2z^ 



gMnt(^o) . . . ^ ^ 



(3.12) 



It is clear that the potential l^nt yields an additional non-boundary term. As discussed in 
Sec. 2, the real scalar solution Xq keeps the same form for all the region e < z < zo as 



Xo{z) 



— ^—^{mqZ^OZ^). 



(3.13) 



Thus, the first term in ( 3.12 ) denoted as y'\^ is easily calculated as follows 



\zl 



(3.14) 



Here we carry out the trace which gives a factor N Next we derive Vint(-2) for the back- 
reacted tAdS in order to calculate the second term in ( p.l2| ) denoted as Vxm- The total 
potential V{^z) is given by ( 2.1l|) , and the additional potential Vint(-z) is given by ( 2.12| ). 
By substituting this Mnt(-z) and Xo{z) or (^{z\ the second term in ( |3.12 ) is calculated 
as, 

Xo 



dz 



2z^ 



dzXo 



-dzVir,t{z)-2Vi^t{z) 



dz- 



-B K^Nj 



2z^ 



— -z H —z H — z 

6 3 2 



(3.15) 
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3.2 AdS black hole 

Now we consider the deformed AdSBH. The metric is again 



1 ' ^ ^2 



A{z) = lnz + -{-r, 
4 ZQ 



f{z) = 1-2(^)4 

Zh 



1-1 



ZQ J 



(3.16) 



with Zq = 6/{K^Nfmg). The Ricci scalar of the background is given by, 

R = -4{-2zfA' + 5z'^f{A'f - 2z^fA") - zf + 9z'^f'A' - z^f" 



-20 - 2K^Nfmlz'^ - {2k 



144 « 



m„z + 



(3.17) 



where the second hnc shows the common terms with the tAdS case, which cancel the 
divergence of the action densities. Then, the gravitational action density for the back- 
reacted AdSBH is given by 



2g 



4 f 



min{zo,ZH) 



-B{z) I 



(----] 

\ 8 2)' 



(3.18) 



where B{z) = 2k^ N frUgz'^ / 12 and (3 is used as the time periodicity of AdSBH solution. 

The matter part of the Euclidean action on the back-reacted AdSBH background is 
given by 



Smat = J d'x^ Tr [g''{d,Xof - + l^„t(Ao)] 



/ 



= / d^x- 



-B(z) 



[fz\d,Xof - 3X2 + Vint (Ao)] • 



(3.19) 



Integration by part yields the on-shell action for matter sector. 

Z"^ ' Z' 



mat 



I 



d^X 



/ - 



+ / d'^x 



-XodzXo 



d^xXn 



E.O.M. + 



e-^aMnt(^o) e~^Mnt(^o) 
2z5 dXo z^ 



I 



+ / d^x 



fe- 



-XodzXo 



Xo 

mm{zo,ZH) 



where 



E.O.M. : 5,(^a,Ao) + 



3e 

Z' 



e-^9yint(Ao) ^ 

JTTT = U. 



2^5 QX, 







(3.20) 



(3.21) 
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-0.2 - 

-0.4 - 
0.00 



7"(GeV) 



Figure 1: The difference of the action densities AV{mq — 2.4 MeV, Nf — 2,Nc — 3) as a function 
of temperature. 



From this on-shell action, after integrating out the volume of M^, the matter sector of 
action density for the back-reacted AdSBH is 



V2M = P 



fe 



-B 



nim{zo, zh) 
e 

ram(zo, zh) 



B 



dz- 



2z^ 



X< 



dXo 



2Vint(-^0 



(3.22) 



Here we take Xq{z) = {Ijy^y.^^. /2)mgZ. Then, we can calculate the boundary term in 



(3.22). 



m„ 



^£(e) = ^/3i/(mm(zo,ZH))e-^('^-(^«'^-))- . , 

4 L mm[ZQ,ZH) 



(3.23) 



We have taken the limit e ^ and neglected all terms with e, except the divergent one 
m^/e^. To calculate the remaining part, we need to know the form of V\^t{z) for the back- 
reacted AdSBH. The total potential V{z) for the AdSBH is given by replacing (j){z) = niqZ 
in ( |2.25| ), which contains the cosmological constant term — 12/(2k^) and the negative-mass 
term —SNfnigz'^ /A. Then the additional potential Viat{z) is obtained by subtracting these 
terms from V{z). 



48 



2" + 



(3.24) 



This T4nt(^) contains the common term with the tAdS case, which leads to cancellation of 
the divergence of the action density. By substituting Mnt(^) and Xo{z), we can write down 
the second term in (|3.22| ). 



min(zo,ZH) 



-B 



dz- 



2^5 



^0 



dzXo 



dzV\nt(z) - 2Mtit(^ 



(3.25) 



3.3 Critical temperature 

Finally, we can write down the total difference of action density as follows 

AV = {V2g + V2m)-{Vlg + Vim). 



(3.26) 
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Figure 2: The quark mass dependence of the critical temperature for Nf = 2,Nc = 3. 
Tc (MeV) 



123.5 



123.0 



Nf 



Figure 3: The Nf dependence of the critical temperature for niq — 0,Nc — 3. 



We evaluate this quantity numerically and confirm that the result is independent of e. AV 
as a function of temperature is depicted in Fig.^. It is obvious that there is no unphysical 
phase at low temperature which appears in [Q. By setting Nf = 0, our AV reduces to 
that in g]. 

Next, we study the quark mass dependence of the critical temperature. The result for 
Nf = 2, A'c = 3 is depicted in Figj2|. Tc decreases as the quark mass ruq getting large. We 
can also see the Nf dependence of the critical temperature. The result for niq = 0, Nc = 3 
is depicted in Fig.|3|. Tc increases with A'^^ getting large. 

4. Summary 

In this paper we have studied the confinement /deconfinement transition in holographic 
QCD considering the back-reaction of a bulk scalar field. We first obtained a deformed AdS 
black hole solution due to a finite quark mass. Then, through the Hawking-Page analysis 
with the back-reacted geometry, we study the flavor number Nf and finite quark mass 
dependence of the critical temperature of the QCD confinement/deconfinement transition. 

We observed that Tc decreases with the increasing quark mass m^, while it increases 
with Nf. These results are not consistent with the lattice QCD both in mq and Nf 
dependence of Tc, for instance see We remark here that in the previous study without 
back-reaction ||5| the results on Nf dependence was consistent with the lattice QCD result. 
This may imply the importance of including complete 1/Nc corrections in holographic QCD. 
In H], only matter part of the bulk action was considered, and so only a single source of 
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1/Nc corrections is included. In our work we considered the matter action and back- 
reaction. There are, however, some other sources of 1/Nc corrections such as terms with 
higher order derivatives. Therefore we conclude that to compare results from a holographic 
QCD study with those from lattice QCD or experiments, we have to include complete 1/iVc 
corrections, not part of them. 
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